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A variational problem with a non-rank-one connected double well potential is
considered. It is proved that the problem has a laminated microstructure solution
which is uniquely determined by the two potential wells yet certainly not character-
ized by the fine oscillations between them because of the lack of rank-one
connection. The laminated microstructure is explicitly worked out. It is also shown
that an application of a nonconforming finite element method can cause overrelax-
ation and fail to approximate the right microstructure. Q 1998 Academic Press
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1. INTRODUCTION
Variational problems that are not quasiconvex can fail to attain a
minimum value, and the minimizing sequences for such problems can
w xconsist of finer and finer oscillations and lead to microstructures 1]4 . A
typical example of such a problem is the double well system in which the
w xtwo potential wells have a rank-one connection 2, 5 . It is well known that
such problems can have a laminated microstructure solution which is
w xcharacterized by the fine oscillations between the two potential wells 2 .
Finite element methods, including nonconforming finite element methods,
are known to be successfully applied to solve the so-called double well
 w x .problems see 6]13 among many others . On the other hand, spurious
* The research was supported by the National Natural Science Foundation of China.
490
0022-247Xr98 $25.00
Copyright Q 1998 by Academic Press
All rights of reproduction in any form reserved.
LAMINATED MICROSTRUCTURE 491
oscillations and skewing phenomenon were also found in the computation
w xof microstructures 14 , which indicates that some finite element solutions
can fail to converge to the right microstructures.
In the present paper, we consider a double well problem in which the
two potential wells are not rank-one connected. Because of the lack of
rank-one connections, there can be no oscillations between the two poten-
tial wells. However, it is shown in Section 2 that there exist two states with
rank-one connection such that the fine oscillations between the two states
form a minimizing sequence for the problem. It is proved that such a
laminated microstructure solution is uniquely determined by the two
potential wells. An explicit formula of the microstructure for the problem
is given in Section 2. In Section 3, a nonconforming finite element method
is applied to solve the problem, and it turns out that the method can cause
overrelaxation, that is, it can reach an energy less than the infimum, and
fail to approximate the right microstructure.
2. THE PROBLEM AND ITS LAMINATED
MICROSTRUCTURE
 . 2=2Let B s b g R be a real symmetric matrix satisfyingi j
b ) 0, i s 1, 2; b s b - 0; and det B ) 0. 2.1 .i i 12 21
Let f : R2=2 ª R be given by
 :  : 2=2f A s A y B , A y B ? A q B , A q B , ;A g R , 2.2 .  .
 : 2 2=2where A, C s  a c denotes the inner product in R . Leti, js1 i j i j
V ; R2 be a bounded open set with Lipschitz continuous boundary.
Consider the problem of minimizing the integral functional
F u s f =u x dx 2.3 .  .  . .H
V
in the set of admissible functions
A s u g W 1, 4 V ; R2 : u s 0 on ­ V . 2.4 4 .  .
It is easily seen that B and yB are the only two potential wells of the
 .energy density f ? , and there is no rank-one connection between the two
 .potential wells B and yB, since by 2.1
det B y yB s det 2 B s 4 det B ) 0. .  . .
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 . w x  . wLet Qf ? be the quasiconvex envelope 1, 5 of f ? . It is well known 1,
x5 that the problem of minimizing the relaxed integral functional
QF u s Qf =u x dx 2.5 .  .  . .H
V
 .in A has a solution u x ' 0 and
QF 0 s Qf 0 meas V s inf F u . 2.6 .  .  .  .  .
ugA
Thus, assuming that the measure of V is known, to calculate the infimum
 .  .value of F ? in A is equivalent to evaluate Qf 0 .
 .  .Let Pf ? and Rf ? be the polyconvex envelope and rank-one convex
 . w xenvelope of f ? , respectively 5 .
LEMMA 2.1. We ha¨e
 :Pf 0 s sup inf f A y Y , A y l det A .  .
2=22=2 AgRYgR
lgR
G sup inf f A y l det A , 2.7 .  .
2=2AgRlgR
Rf 0 F inf l f A q l f A : l A q l A s 0, .  .  .1 1 2 2 1 1 2 2
l G 0, l G 0; l q l s 1, det A y A s 04 .1 2 1 2 1 2
1 1
F inf f A q f yA : det A s 0 . 2.8 .  .  . 52 2
Proof. The lemma follows directly from a theorem Theorem 1.1 of
. w xchapter 5 in 5 .
THEOREM 2.1. We ha¨e
Pf 0 s Qf 0 s Rf 0 s sup inf f A y l det A .  .  .  .
2=2AgRlgR
s inf f A : det A s 0 . 2.9 4 .  .
 .  .  .Proof. Since f A s f yA , by 2.8 , we have
Rf 0 F inf f A : det A s 0 . 4 .  .
By introducing a Lagrange multiplier l for the constraint det A s 0, we
w xsee that 15
inf f A : det A s 0 s sup inf f A y l det A . 4 .  .
2=2AgRlgR
 .  .  w x.Thus, 2.9 follows from 2.7 , since Pf F Qf F Rf see 5 .
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 .In view of Theorem 2.1, to evaluate Qf 0 is equivalent to solving the
problem
Ã 2=2 Ãfind A g R such that det A s 0 and
2.10 . Ãf A s inf f A : det A s 0 . 4 . .
Ã .THEOREM 2.2. The problem 2.10 has a unique pair of solutions A and
ÃyA. They are the solutions of the system
1r22  :c q B , B
2 Ã Ã :c q B , B A q 2 det B adj A s 2c B , 2.11 . .  /2
 :.2   . 4.1r4where c s " B, B y inf f A : det A s 0 and adj A is the adjoint
matrix of A, and satisfy
2 2Ã Ã :  :’A , A s B , B y 4 det B ) 0, 2.12 .  .  .
2Ãf A s inf f A : det A s 0 s 4 det B . 2.13 4 .  .  . .
 .Proof. The existence of a solution to the problem 2.10 is obvious.
Ã  .Let A be a solution of 2.10 . By applying the Lagrange multiplier
Ãw x  .theorem 15 to 2.10 , we see that there exists a l g R such that
Ã Ã Ã Ã Ã Ã :  :  :4 A , A q B , B A y 8 A , B B y l adj A s 0. 2.14 . .
Ã Ã Ã :  .Since adj A, A s 2 det A s 0, 2.14 gives
2Ã Ã Ã Ã Ã :  :  :  :2 A , B s A , A q B , B A , A . 2.15 . .  .
 .By a straightforward calculation using 2.15 , we obtain
22Ã Ã Ã :  :f A s B , B y A , A . 2.16 .  . .  .
Ã .  .Since f 0 is a local maxima, A / 0. Thus 2.16 gives
1r22 2Ã Ã :  :A , A s B , B y inf f A : det A s 0 s c ) 0. 2.17 4 .  .  . .
Ã Ã Ã Ã :  :  .Noticing that adj A, adj A s A, A , we obtain by 2.14 that
Ã Ã : :y8 A , B A , adj BÃl s . 2.18 .
Ã Ã :A , A
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Ã .  .  :  .Since, by 2.15 and 2.17 , A, B / 0, it follows again from 2.14 that
Ã Ã Ã Ã :  :  :  :4 A , A q B , B A , adj B y 16 det B A , B .Ãl s . 2.19 .Ã :A , B
 .  .  .Combining 2.15 , 2.18 , and 2.19 , we have
Ãl s y8 det B. 2.20 .
Ã .  .  .  .Now, by 2.15 , 2.17 , and 2.20 , we see that A satisfies 2.11 , which is
 .nonsingular since by 2.1
 :  :y B , B - 2 det B - B , B . 2.21 .
 .  .To prove 2.12 and 2.13 , without loss of generality, we consider
Ã  .  .A s a in the case of c ) 0. A straightforward calculation using 2.1 ,Ãi j
Ã .  .2.11 , 2.21 , and det A s 0 gives
a ) 0, a ) 0, a s a s y a a - 0, 2.22’  .Ã Ã Ã Ã Ã Ã11 22 12 21 11 22
2Ã Ã :A , A s a q a . 2.23 .Ã Ã .11 22
 .  .  .By taking the trace of 2.11 and by 2.17 and 2.23 , we obtain
22 2 2 :  :2 b q b c q B , B s c q B , B q 2 det B . 2.24 .  . .  .11 22
 :  .2Since B is symmetric, we have B, B q 2 det B y b q b s 0. Thus,11 22
 .  .  .  .  .2.12 follows from 2.17 and 2.24 . 2.13 is a direct consequence of 2.12
 .and 2.16 .
Next, we are going to construct the laminated microstructure from the
 .solutions of 2.10 .
 .Let A and yA be the solutions of the problem 2.10 . It follows from
 .2.12 and det A s 0 that A and yA are rank-one connected. This implies
the decomposition
A y yA s 2 A s a m n , 2.25 .  .
2  .T 2where m denotes the tensor product in R and n s n , n g R is a1 2
 .unit vector with n ) 0; this is possible since a / 0 by 2.22 . Thus, a1 11
 . w xminimizing sequence of F ? in A can be given in a standard way as 5, 10
x?n
u x s f x yAx q x s ds a , i s 1, 2, . . . , 2.26 .  .  .  .Hi i i /0
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where
0, if i ? s g 2 l , 2 l q 1 , ; l g Z, .
x s s 2.27 .  .i  1, if i ? s g 2 l y 1, 2 l , ; l g Z, .
` .and where f g C V satisfiesi 0
1, if x g V and dist x , ­ V G iy1 , .
f x s 2.28 .  .i y1 0, if x g V and dist x , ­ V F 2 i , .  .
and, for a constant C independent of i,
=f x F Ci , ; x g V . 2.29 .  .i
w x  .It is easily verified 5, 10 that u x g A has a fine scaled laminatedi
microstructure and
F u s f A meas V q O iy1 .  .  .  .i
ª inf f A9 : det A9 s 0 meas V , 2.30 4 .  .  .  .
1 1
=u © d q d in the sense of measure, 2.31 .i A yA2 2
where d is the Dirac measure in R2=2 at A.A
3. APPLICATION OF A NONCONFORMING FINITE
ELEMENT METHOD AND OVERRELAXATION
 .  . 2=2Let V s 0, 1 = 0, 1 , and let B g R be given by
1
1 y
2
. 3.1 .1 1 0y
2 2
 . Consider the problem of minimizing the integral functional F ? in A see
 .  . .  .  .2.3 and 2.4 , respectively with f A defined by 2.2 .
 .  .  .It follows from 2.6 , 2.9 , and 2.13 that
12inf F ¨ s inf f A : det A s 0 meas V s 4 det B s , 3.2 4 .  .  .  .  .
4¨gA
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and it follows from Theorem 2.2 that the laminated microstructure of the
problem is determined by the unique solution A g R2=2 of the system
a A q adj A s bB , 3.3 .
where
1r2’ ’ ’7 q 45 45 7 q 45 .
a s , b s . 3.4 . /2 2
The resulting fine scaled oscillation is shown in Fig. 1.
Next, we are going to solve the problem by applying a nonconforming
finite element method utilizing the Crouzeix]Raviart piecewise linear,
triangular element which is constrained to be continuous at the midpoints
w xof line segments which are edges of adjacent triangles 16 .
For each integer M G 1 and 0 F i, j F M y 1, define
Kq i , j s the triangle in R2 with vertices .M 
i j i q 1 j q 1 i j q 1
a s , , a s , , a s , ,1 2 3 5 /  /  /M M M M M M
FIG. 1. Fine scaled oscillation between A and yA.
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Ky i , j s the triangle in R2 with vertices .M 
i j i q 1 j i q 1 j q 1
a s , , a s , , a s , .1 2 3 5 /  /  /M M M M M M
 My 1 q  ..  My 1 y  ..  4`Let T s D K i, j j D K i, j . Then T is a regu-M i, js0 M i, js0 M Ms1
w xlar family of triangulations of V 16 .
Define
X s ¨ : K ª R ¬ u is affine on each K g TDM M
KgT M
and ¨ is continuous at b , ;b g N ,M 5
where N is the set of all nodes, or the degrees of freedom of the finiteM
w xelement function space 16 , defined by
N s aK s aK q aK r2, 1 F i / j F 3, ;K g T . 5 .M i j i j M
Let
 4A s u g X = X : u s 0, ;b g N l ­ V . 3.5 .M M M M
 .Consider the finite problem of minimizing the integral functional F ? in
A , that is,M
find u g A such thatM
3.6 . F u s inf F ¨ . .  .¨ g A M
We claim that
inf F ¨ s O My1 . 3.7 .  .  .
¨gA M
 .In fact, we can construct a minimizing sequence u s u , u ,M M , 1 M , 2
which is essentially a periodic function combined with interpolation at the
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boundary of V, by defining
1¡ i 1 j q 2 qx y y x y , if x g K i , j , .1 2 M /  /M 2 M
for j / M y 1;
1i q 1 1 j q 2 yy x y q x y , if x g K i , j , .1 2 M /  /M 2 M~u x s .M , 1
for j / 0;
i 1
qx y y x y 1 q , if x g K i , M y 1 ; .1 2 M /  /M 2 M
i q 1 1
yy x y q x y , if x g K i , 0 , .1 2 M¢  /  /M 2 M
1¡ 1 i 1 j q 2 qy x y q x y , if x g K i , j ; .1 2 M /  /2 M 2 M~u x s .M , 2 11 i q 1 1 j q 2 yx y y x y , if x g K i , j . .1 2 M¢  /  /2 M 2 M
It is easily verified that u thus defined is in A and satisfiesM M
¡ qB , on K i , j for j / M y 1; .M
yyB , on K i , j for j / 0; .M
1~ q=u s 3.8 .B y E, on K i , M y 1 ; .M M2
1
yyB q E, on K i , 0 , .¢ M2
where
0 1E s . /0 0
 .  .  .Thus, by 2.2 , 3.1 , and 3.8 ,
0, if x f Kq i , M y 1 j Ky i , 0 ; .  .M Mf =u x s . .M q y 33r16, if x g K i , M y 1 j K i , 0 . .  .M M
This gives
33
y1F u s f =u x dx s M . 3.9 .  .  . .HM M 16V
 .  .  .Since F u G 0 for all u g A , 3.7 follows from 3.9 .M
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FIG. 2. 25 = 25 nonconforming finite element pseudo-microstructure.
 .It follows from 3.7 that the application of the finite element method
with Crouzeix]Raviart triangular element results in overrelaxation to the
 .original problem. We see also that the finite element solutions of 3.6
present unrealistic oscillations between the two potential wells which have
 .no rank-one connection and lead to a pseudo-microstructure see Fig. 2 .
4. CONCLUSIONS
Conclusions are drawn from the results of this paper that a direct
application of nonconforming finite element methods to some nonquasi-
convex variational problems can cause overrelaxation and fail both to
approximate the microstructure and to calculate the infimum value of the
potential energy.
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